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ABSTRACT 
.. 
The i n s t a b i l i t y  of l a r g e  amplitude G o r t l e r  v o r t i c e s  i n  a growing boundary 
l a y e r  i s  d iscussed  i n  the  f u l l y  nonl inear  regime. It i s  shown t h a t  a th ree-  
dimensional  breakdown t o  a flow with wavy vor tex  boundaries s i m i l a r  t o  t h a t  
which occurs  i n  t h e  Taylor vo r t ex  problem takes  place.  However, t he  i n s t a b i l -  
i t y  i s  confined t o  the  t h i n  shear  l a y e r s  which were shown by Hall and Lakin 
(1987) t o  t r a p  the  region of vor tex  a c t i v i t y .  The d i s tu rbance  e igen func t ions  
decay exponen t i a l ly  away from the  c e n t e r  of these  l a y e r s  so t h a t  t h e  upper and 
lower shear  l a y e r s  can support  independent modes of i n s t a b i l i t y .  The s t ruc -  
t u r e  of t he  i n s t a b i l i t y ,  i n  p a r t i c u l a r  i t s  l o c a t i o n  and speed of downstream 
propagat ion,  i s  found t o  be e n t i r e l y  c o n s i s t e n t  with recent  experimental  re- 
s u l t s .  Furthermore, i t  i s  shown t h a t  t h e  upper and lower l a y e r s  support  wavy 
vor t ex  i n s t a b i l i t i e s  with q u i t e  d i f f e r e n t  f requencies .  This r e s u l t  i s  aga in  
c o n s i s t e n t  wi th  t h e  a v a i l a b l e  experimental  observa t ions .  
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1. INTRODUCTION 
Our concern 
s t eady ,  spanwise 
is wi th  t h e  na ture  of t he  three-dimensional breakdown of 
p e r i o d i c  l a r g e  amplitude G o r t l e r  v o r t i c e s .  It i s  known from 
.. 
.. 
t h e  experiments of Bippes and G o r t l e r  (1972) and Aihara and Koyama (1981) t h a t  
t h i s  breakdown l e a d s  t o  a t ime-periodic flow wi th  wavy vor t ex  boundaries s i m i -  
l a r  t o  those which occur  i n  t h e  Taylor problem. More r e c e n t l y  Kohama (1987) 
has  inves t iga t ed  vo r t ex  i n s t a b i l i t i e s  i n  boundary l a y e r  flows over a laminar  
flow wing and found a secondary i n s t a b i l i t y  of G o r t l e r  v o r t i c e s  l o c a l i z e d  a t  
t h e  top  of t he  region of vor tex  a c t i v i t y .  Furthermore Kohama found t h a t  t h e  
i n s t a b i l i t y  propagated downstream wi th  a speed which approached the  f r e e  
s t ream speed as i t  developed i n  the  downstream d i r e c t i o n .  The onset  of t h i s  
time-dependent motion was found i n  a l l  of t h e  above experiments t o  be u l t i -  
mately followed by t r a n s i t i o n  t o  turbulence.  A t  t h i s  s t a g e  more obvious d i f -  
f e r ences  between t h e  G o r t l e r  and Taylor problems emerge so t h a t ,  f o r  example, 
t h e  r i c h  b i f u r c a t i o n  s t r u c t u r e  of t he  Taylor problem i s  appa ren t ly  not c a r r i e d  
over  t o  the  G o r t l e r  problem. 
.. 
.. 
.. 
In  f a c t  even i n  t h e  l i n e a r  regime t h e  apparent  s i m i l a r i t i e s  between 
Taylor  and G o r t l e r  v o r t i c e s  a r e  perhaps misleading s i n c e  i t  i s  known from t h e  
work of Hall (1982a,b, 1983, 1984) t h a t  nonpa ra l l e l  e f f e c t s  i n  the  G o r t l e r  
problem cannot i n  gene ra l  be ignored. Indeed i t  was shown by Hall (1983) t h a t  
t h e  incons is tences  of t h e  var ious  pa ra l l e l - f low t h e o r i e s  of f o r  example 
G o r t l e r  (1940), H k m e r l i n  (1956) and l a t e r  au thors  a r e  a d i r e c t  consequence of 
t h e  para l le l - f low approximation. The only regime where t h i s  d i f f i c u l t y  wi th  
t h e  para l le l - f low t h e o r i e s  does not  occur i s  a t  small  vor tex  wavelengths where 
t h e  e f f e c t  of boundary l a y e r  growth on t h e  v o r t i c e s  becomes less important .  
However, the  most s u r p r i s i n g  Feature  of the nonpa ra l l e l  theory of Hall (1983) 
.. 
.. 
.. 
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is that the concept of a unique neutral wave is not tenable in the Gortler 
problem since the downstream position where a vortex begins to grow is a func- 
tion of the location and initial form of the imposed disturbance. A more sig- 
nificant consequence of the nonparallel theory is that the concept of a unique 
growth rate at a given downstream location is also not tenable, this result 
makes transition prediction by empirical methods such as the en rule not 
possible. Nevertheless, there is much work still being done in the context of 
"parallel-flow" Gortler vortices. 
.. 
The nonuniqueness properties of solutions of the correct zeroth order 
approximations to the linear Gortler vortex equations were shown by Hall 
.. 
(1986) to occur in the corresponding nonlinear problem at O ( 1 )  wavenum- 
bers. In the latter paper, the development of finite amplitude Gortler vor- 
.. 
tices was investigated numerically using a finite difference discretization in 
the normal and chordwise directions together with a Fourier expansion in the 
spanwise direction. It was found that as the vortices move downstream the 
disturbance energy of the flow becomes concentrated in the fundamental and the 
mean flow correction. This is entirely consistent with the weakly nonlinear 
theory of Hall (1982b) which is appropriate to small wavelength vortices. 
However in a growing boundary layer, the "local" wavenumber of a fixed wave- 
length disturbance grows like the displacement thickness of the boundary layer 
so that in most flows any vortex will eventually enter the small wavelength 
regime where locally the asymptotic analysis of Hall (1982a,b) apply. 
The surprising feature found by Hall (1987) in a numerical simulation of 
nonlinear Gortler vortices is that even at relatively low wavenumbers the dis- 
.. 
turbance organizes itself so that ,almost all of the energy is in the funda- 
mental and mean flow correction. This is precisely the situation found by 
- 3- 
.. 
Hall (1982b) in an asymptotic investigation of nonlinear Gortler vortices 
where it was shown that the Stuart-Watson type of description of the onset of 
finite amplitude motion is replaced by a “mean-field” interaction. 
As is the case with all weakly nonlinear stability calculations the work 
of Hall (1982b) is restricted to a neighborhood of the position where a given 
disturbance is neutrally stable. However, it can be inferred from that calcu- 
lation that a vortex of nondimensional wavenumber E where 0 < E << 1 -1 
reinforces the basic flow at zeroth order at a distance O ( E )  downstream of 
the neutral point. This result was recently developed by Hali and Lakin 
(19871, hereafter referred to as HL, to give an asymptotic description of 
fully nonlinear Gortler vortices at O(1) distances beyond the neutral 
.. 
point. It is the instability of this type of vortex which we will investigate 
in this paper. However, before discussing the nature of this instability we 
need to point out the salient properties of the HL calculations. 
-1 .. Consider then a Gortler vortex of wavenumber E developing in a 
This choice of small 
.. 
boundary layer flow with Gortler number of O ( E - ~ ) .  
wavelength vortices is not as restrictive as it might first appear since, as 
explained above, this regime is always approached by a fixed wavelength vortex 
in a growing boundary layer. Suppose further that the flow is neutrally 
stable at the downstream location x = x 
the flowfield splits up as shown in Figure 1. The vortex activity is confined 
then HL showed that for x > xn n’ 
to region I and decays exponentially to zero in the thin shear layers TIa,b. 
In regions IIIa,b there is no vortex activity and the mean flow satisfies the 
boundary layer equations. However, in region I the mean flow is determined as 
a solvability condition on the equations f o r  the fundamental. In fact, the 
mean flow adjusts itself so as to make the fundamental and all the higher har- 
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monics n e u t r a l  i n  I. The mean flow equat ions  then determine the v o r t e x  
v e l o c i t y  f i e l d  i n  I s o  t h a t  t h e r e  i s  a complete r e v e r s a l  of t he  usua l  r o l e s  of 
the  mean flow and harmonic equat ions  compared t o  say  the  s i t u a t i o n  i n  flows 
where n o n l i n e a r i t y  can be descr ibed  by the  Stuart-Watson method. The shear  
l a y e r s  loca ted  a t  y1 and y2 change p o s i t i o n  as they move downstream; t h e i r  
p o s i t i o n s  are determined from the  s o l u t i o n  of a double f r e e  boundary problem 
as soc ia t ed  with the  boundary l a y e r  equat ions.  However, i n  flows where t h e  
l o c a l  Gor t l e r  number i n c r e a s e s  f a s t e r  than the  f o u r t h  power of t h e  l o c a l  wave- 
.. 
number HL showed t h a t  y1 migra tes  t o  the  wal l  w h i l s t  y2 moves t o  or beyond 
the  edge of t he  boundary l aye r .  The mean downstream v e l o c i t y  components i n  
t h e  l a y e r s  I I a , b  then  approach t h e  f r e e  stream speed and zero r e s p e c t i v e l y ;  
t h i s  has fundamental imp l i ca t ions  f o r  t he  time dependent s t r u c t u r e  of t he  
breakdown of t h i s  flow. 
We s h a l l  seek secondary i n s t a b i l i t i e s  of t h e  flow i n  l a y e r s  I I a , b ;  more 
p r e c i s e l y  we superimpose spanwise pe r iod ic  t r a v e l l i n g  waves on the  flow i n  
t h e s e  l a y e r s  and see  how they  develop. These p e r t u r b a t i o n s  are % r ad ians  
ou t  of phase with the  fundamental so the  secondary i n s t a b i l i t y  i f  i t  occurs  
w i l l  produce l o c a l l y  wavy vor t ex  boundaries i n  I I a ,b .  It i s  of course  not 
obvious t h a t ,  should wavy v o r t i c e s  occur ,  t he  reg ions  TIa,b should be 
p a r t i c u l a r l y  s u s c e p t i b l e  t o  these  modes. I n  o rde r  t o  see why t h i s  i s  the  
case, we cons ider  t he  model equat ion  
toge the r  wi th  t h e  cond i t ion  $ + 0, lyl + Q). 
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I n  f a c t ,  t h i s  equa t ion  e s s e n t i a l l y  governs the  non l inea r  growth of t i m e -  
dependent G o r t l e r  v o r t i c e s  i n  curved channel flows. Here x i s  a 
parameter,  t denotes  t ime, x i s  the d i s t a n c e  around the  channel,  and y i s  
t h e  d i s t a n c e  from t h e  c e n t e r  of t h e  i n t e r n a l  viscous l a y e r  where t h e  v o r t i c e s  
i n i t i a l l y  develop. A f i n i t e  amplitude s o l u t i o n  of (1.1) r ep resen t ing  a 
s t eady ,  x independent v o r t e x  JI = JIv s a t i s f i e s  
.. 
and t h e  i n s t a b i l i t y  of t h i s  flow t o  a t r a v e l l i n g  vo r t ex  l i k e  p e r t u r b a t i o n  can 
be c a l c u l a t e d  by s e t t i n g  
where JI' is a real  f u n c t i o n  of x, y and t. I f  we now look a t  d i s -  
$(y))  t hen  we  f i n d  t h a t  + (y )  sa t isf ies  tu rbances  with $' = Rea l (e  i kx+u t 
II which determines an e i g e n r e l a t i o n  u = a ( k ) .  However i f  t h e  wave i s  '2: 
r ad ians  out  of phase i n  the  spanwise d i r e c t i o n  with the  fundamental v o r t e x  
then  (1.3) becomes 
The l a t t e r  eigenvalue problem was s t u d i e d  by Shaw (1985) who found t h a t  
u n s t a b l e  modes occur f o r  A = O ( 1 ) .  ( I n  c o n t r a s t  t o  t h i s  r e s u l t  (1.3) l e a d s  
-6- 
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t o  s t a b l e  d i s tu rbances . )  Here A p lays  the r o l e  of G o r t l e r  number s o  
inc reas ing  A is equ iva len t  t o  i n c r e a s i n g  x f o r  the boundary l a y e r  prob- 
lem. Of more relevance t o  our problem i s  t h e  s o l u t i o n  of (1.4) f o r  A >> 1. 
I n  t h i s  case 
wi th  $ = ( A  - y /4)  1/2 trapped between shea r  l a y e r s  of th i ckness  A-1/6 
develops a t r i p l e  l a y e r  s t r u c t u r e  with a core  region 
$ V  
V 
a t  y = *(4A)1/2. These shea r  l a y e r s  correspond t o  I I a , b  i n  the  HL ca l cu la -  
t i o n .  An examination of (1.4) i n  t h i s  l i m i t  shows t h a t  any eigenvalues  must 
now concen t r a t e  i n  I I a , b  because i n  the core  0 now s a t i s f i e s  
Th i s  is  an Airy equa t ion  so  t h a t  $ + when y + 24X o r  y + - 2 f l  
and matching with t h e  corresponding s o l u t i o n  i n  the  shea r  l a y e r s  cannot be 
achieved. Thus the  e igen func t ions  must now concen t r a t e  i n  t h e  shea r  l a y e r s  
and decay away from t h e  c e n t e r s  of t he  l a y e r s .  
The above s t r u c t u r e  f o r  t h e  model equat ion i s  s u f f i c i e n t l y  c l o s e  t o  the  
boundary l a y e r  problem f o r  i t  t o  be a p p l i c a b l e  the re .  Thus, a f t e r  formulat ing 
our i n s t a b i l i t y  equa t ions  i n  Sec t ion  2 we w i l l  i n  Sec t ion  3 i n v e s t i g a t e  t h e  
i n s t a b i l i t y  of I I a , b  t o  wavy vor t ex  modes. I n  Sec t ion  4 we p re sen t  t h e  re- 
s u l t s  o€ our c a l c u l a t i o n  w h i l s t  i n  Sec t ion  5 we draw some conclusions.  
2. FORMULATION OF TEE PROBLEM 
The flow under cons ide ra t ion  i s  t h a t  descr ibed by HL. We consider  t h e  
flow of an incompressible ,  viscous f l u i d  of kinematic v i s c o s i t y  v and 
d e n s i t y  p ,  over a w a l l  of v a r i a b l e  concave cu rva tu re  a-lX(X/L). Here 
-7- 
a i s  a t y p i c a l  r ad ius  of curva ture ,  X denotes  d i s t a n c e  along the  wal l  and 
L i s  a t y p i c a l  l e n g t h  scale along t h e  w a l l .  The Reynolds number f o r  t h e  
flow, RE, is  def ined by 
uOL RE = -v '  
is  def ined  
& C '  
where UO is a t y p i c a l  flow v e l o c i t y .  A cu rva tu re  parameter,  
by 
.. 
We a r e  i n t e r e s t e d  i n  t h e  l i m i t  + with t h e  G o r t l e r  number G, def ined  
G = 2$126 C'  
he ld  f ixed .  We denote t i m e  by T and (X,Y,Z) a r e  taken t o  be the  co- 
o r d i n a t e s  a long t h e  wa l l ,  normal t o  t h e  wal l  and i n  t h e  spanwise d i r e c t i o n  re- 
spec t ive ly .  I f  (U,V,W) denotes  the  corresponding v e l o c i t y  vec to r  we d e f i n e  
d imens ionless  co-ordinates  (x ,y ,z)  and v e l o c i t y  (u,v,w) by 
and 
and t h e  Our a n a l y s i s  is  r e s t r i c t e d  t o  flows with u + 1 when y + m 
pres su re  P is  w r i t t e n  i n  t h e  form 
P* P - p -  
uo' 
RE 
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The c o n t i n u i t y  equat ion  and non-dimensional unsteady Navier-Stokes equa- 
t i o n s  f o r  t h e  flow take  t h e  form 
a u  av  a w  - o, 
a x  a y  az  -+ - + - -  
2 2 au a u + v - + w - = - + -  au  a u  a u  a u  
a t  dx a Y  az  ay2 a 2  
av  - +  v - +  w - -  
- +  a t  ax  a Y  az  
2 '  - +  u -  
(2.4a ,b , c  ,d)  
2 2 
1 2 a p  a v  a v  
2 ay ay2 i7 ' 
a v  a v  a v -  - - - x u  - - + - +  
2 2 a w  a w  a w  a w  a p  + a W +  a w 
a t  a x  aY a z  = ap Z' - +  u - +  v - +  w - =  - 
Here the  non-dimensional time v a r i a b l e  t i s  given by t = UoL-lT, and terms 
of o rde r  Ri1'2 have been neglected.  HL obtained a s t eady  s o l u t i o n  of 
( 2 . 4 )  which s a t i s f i e s  
u = v = w =  0, Y = 0, (2.5a,b) 
u + 1, y + Q1. 
This  was an asymptot ic  s o l u t i o n  v a l i d  i n  t h e  l i m i t  of small  vo r t ex  wave- 
length .  G, def ined i n  ( 2 . 3 ) ,  is  expanded i n  the  form 
.. 
The G o r t l e r  number 
where E -' i s  t h e  non-dimensional wavenumber of t h e  v o r t i c e s .  I n  t h e  main 
p a r t  of t he  boundary l a y e r  u ( x , y ) ,  t h e  ze ro th  o rde r ,  z-independent p a r t  of 
t he  downstream v e l o c i t y  component, s a t i s f i e s  
-9- 
which r e f l e c t s  t he  f a c t  t h a t  here  the  mean flow i s  d r iven  by f i n i t e  amplitude 
v o r t i c e s .  The v e l o c i t y  f i e l d  of t he  ( sma l l e r )  v o r t i c e s  i s  then found by con- 
s i d e r i n g  t h e  z-independent p a r t  of t he  equat ions  of motion i n  I. This  calcu- 
l a t i o n  shows t h a t  t he  v o r t i c e s  a r e  t rapped between y1 and y2 and formal ly  
decay t o  zero exponen t i a l ly  i n  I Ia ,b .  Above y2 and below y1 t h e r e  is  no 
z-dependence t o  the  flow and i t  i s  obtained by so lv ing  the  boundary l a y e r  
equa t ions  wi th  jump cond i t ions  a t  y1, y2. The shea r  l a y e r s  I I a , b  correspond 
t o  the  h -1/6 l a y e r s  f o r  the  model problem and we now examine t h e  flow 
s t r u c t u r e  i n  IIa. In  f a c t  our  a n a l y s i s  i s  equa l ly  app l i cab le  t o  reg ion  I I b  so  
our  theory determines t h e  s t a b i l i t y  of both shear  l a y e r s  which t r a p  t h e  
v o r t i c e s .  In  o r d e r  t o  i n v e s t i g a t e  t h e  i n s t a b i l i t y  of t h e  boundary l a y e r  i n  
t h i s  region we cons ider  pe r tu rba t ions  t o  the  s teady ,  bas i c  flow s a t i s f y i n g  
(2.4) and (2.5) i n  reg ion  I I a .  
3. THE ASPMPTOTIC STRUCTURE OF TBE WAW MODES 
It was shown by HI, t h a t  l a y e r s  I I a , b  are of t h i ckness  E *I3 s o  t h a t  i n  
I I a  we write 
a where y2(x) i s  the  l o c a t i o n  of t h e  l a y e r  IIa.  Thus, i n  IIa we r ep lace  ax 
and - a i a  The bas i c ,  s teady  expansions a ~ ' 2  a
ax F z  a Y  by - - 
i n  I I a ,  s a t i s f y i n g  (2.4) and (2.51, are g iven  by equat ion  (3.10) i n  HL and can 
be w r i t t e n  i n  the  form 
-10- 
- 2/3 = + 0 . .  + E 4 /3 cos(E)(uol 2 + E 2/3u 11 + * * * )  u = u  B = U O + E  u1 
= 2 / 3  = + * * a  + -2/3 C0S(~~(VOl 2 + 8 2/3v 11 + * * * )  v - v  B = V O + E  v1 
where 
where the coefficients are functions of x and 5. Note that the coeffi- 
cients ujk, vjk, wjk, Pjk in the above formulation correspond to 2Ujk’ 
2vjk, 2iwjk, 2 ~ j k  respectively, j = 0,1,2,***, k = 1,2,3,***, in the 
formulation of HL. The equations obtained from substitution of the basic ex- 
pansions (3.1) into the continuity and Navier-Stokes equations (2.4) and 
equating coefficients of like powers of E are given in detail by HL. The 
equation obtained which determines V o 1 ~  from (3.lb), is 
-1 1- 
and 
(3.3a,b) 
Here f(x) is a function which can only be determined at higher order, a(x) 
and b(x) are arbitrary functions of x arising from the solution in region 
I (see (3.7) in HL), and a dash denotes a derivative with respect to X. 
The results of Davey, DiPrima and Stuart (1968) show that the Taylor- 
vortex flow is unstable against perturbations differing in phase from the 
After instability, fundamental component of the steady vortex flow by - 
the new flow has wavy surfaces traveling in the azimuth separating neighbour- 
ing vortices. This suggests that, since we are seeking a secondary instabil- 
ity that will produce locally wavy vortex boundaries in IIa,b, we must con- 
sider a out-of-phase, time-dependent perturbation to the basic flow in 
IIa,b. 
71 
2 .  
IT 
We have also considered the case of an in-phase perturbation and found 
the resulting problem more complicated than the present one. We anticipate 
that there are no unstable solutions for this case and just proceed with the 
present situation. 
Hence, we seek solutions with out-of-phase perturbations proportional to 
where the wavenumber K expands as 
(3.4) 
-1 2- 
and is the constant frequency. The length scale and time scale in (3.4) 
* 
a L  a and - a + U S '  a o in are chosen, from Hall (1982a), so that - - - 
at 2 ax 
a2 
the shear layer, the latter scaling ensures that the waves travel downstream 
with the speed of the fluid in the shear layer. 
We find that the appropriate expansions in IIa take the form 
413 z u = uB + { & ( E  sin(--)E(uOl + ~ ~ / ~ u  + e * * )  + * * * )  + * * *  + c.c.), 11 
v = vB + { 6 ( ~  -213 sin(E)E(vol z + E 2/3 vll + . * e )  + 0 0 . )  + ... + C.C.}, 
(3.6a,b,c ,d) 
- 'lI3E(w + E 2/3w ml + 0 . 0 )  + ...) w = wg+ {&(E: 1/3cos(4)E(w 01 + ~ ~ / ~ w ~ ~ +  * a * )  + E mO 
+ * e *  + C.C.), 
p = pB + { 6 ( E  -413 sin(~)E(Pol z + E 2/3 P11 + ...) + ...) + ... + C.C.), 
where 6 is a small amplitude and C.C. denotes complex conjugate. Note 
that there are only mean flow (independent of z )  correction terms occurring 
in the expansion for w as a result of the perturbation being out of 
phase with the fundamental vortex. For the case of an in-phase perturbation 
mean flow correction terms also occur in the corresponding expansions for u, 
v, and p and the resulting eigenvalue problem is more complex. 
ll 
The coefficents are functlons of x and 5 and are determined by sub- 
stitution of the expansions (3.6) into the unsteady equations of motion 
(2.4). The zeroth order equations obtained from equating coefficients of 
6sin(t)E in (2.4a,b,c) and 6 cos(:)E in (2.4d) are 
-1 3- 
a ="1 
-iQuol + iKo~ouol  + vol 85 - -01, 
(3.7a,b ,c ,d) 
5 - 
-iQvO1 + iKO;OvO1 = - G 0 X U  0 u 01 - vol '  
0 = -pol - wol. 
Consistency of (3.7b,c) r e q u i r e s  t h a t  
- 
Q = KOuO, 
- 
which shows t h a t  t he  waves move downstream with mean speed 
speed of the  mean p a r t  of t h e  bas i c  flow i n  I I a .  
uo, i.e., t h e  
Thus (3.7) reduces t o  
(3.9a,b ,c ,d )  
I: G1 
(Note from HL t h a t  GOxuO ag = 1). From equat ing  c o e f f i c i e n t s  of 
Gsin(:)E i n  (2.4b,c) a t  t h e  next  o rde r  we o b t a i n  t h e  equat ions  
-1 4- 
- - aPOl a LVO 1 
i K G v  0 1 01 + i K 1 ; O ~ O 1 - ~  mO V 01 = - G X U U  o o 11 - G x ~ u  o - - + - -  a 5 2  v l l '  1 01 a g  
(3.10a ,b )  
It i s  u s e f u l  here  t o  note  t h a t  from (3.12) of HL 
We s u b s t i t u t e  f o r  v11 from (3.10a) i n t o  (3.10b) and use the  s o l u t i o n s  f o r  
- - 
and u1 g iven  above t o  ob ta in  uO 
2 v v  2 2insvo1 2 i K  ,4 a+ 2y 2vo 
- g f v  01 01 01 
a v  
3 4 q  + g l ~ v o l  =7 2 01+ 
+ 
(3.11) 
,52 
Hence, i n  order  t o  o b t a i n  a s o l u t i o n  f o r  v01 we r equ i r e  s o l u t i o n s  f o r  wmo 
and V o 1 .  In  o rde r  t o  determine wm0 w e  equate  c o e f f i c i e n t s  of 6E i n  
(2.4d). The r e s u l t i n g  equat ion  i s  
2 
(3.12) mO 
a w  2 - 
vol - = -u1 a vol 
= mO ac2  a c 2  i n  - w + i K I Z O  wmo + Vol 7 - uO 
a2v01 a vo l  
a5 a c 2  
2 
and - from (3.11) and (3.2) r e s p e c t i v e l y  On s u b s t i t u t i o n  of -
i n t o  (3.12) we o b t a i n  
(3.13) 
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2iK14 a+2y2 
volvol + 
2ing 
+ ' 3 7 - q - T  volvol 3 4 7  
Thus, once we have a solution for 
coupled equations (3.11) and (3.13) with the boundary conditions 
V01 from (3.21, it remains to solve the 
+ O  as E + + .  vo 1 , wmo (3.14) 
61 In order to eliminate f(x) from (3.2) we introduce the variable 
and let 
so that (3.2) becomes 
If we look for a solution with K1 of the form 
(3.15) 
(3.16) 
(3.17) 
then, using the transformation (3.15), equations (3.11) and (3.13) become, 
respectively, 
2 2iZ14a+2y2 vol 
v v  2iQE 1 vo 1 a vol - 
ag 1 
2 
01 01 (3.18) 
2 + g1~1v01 - 6 +3(a+2y2)+ 3 9  - 3 wmovol 9 
2 
iQS pm0 i q q  wmo 2 2 a w  
3 wnlovo 1 = -  
m0 
1-T- 1 JGOX 
(3.19) 
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2ing lV0lVOl + 2i'E ,J a+2y2 vo l ~ o  
+ . 
3 ( a+2y2 ) 3 J V  
I n  o rde r  t o  s i m p l i f y  (3.16) f u r t h e r  we make the t ransformations 
1 /3g n = (-gl) 1' 
vo 1 = Jx(-gl )1/3vn(n),  
and 
with the  r e s u l t  t h a t  (3.16) becomes 
n 3 
2 n 
d2V 
- -  rlVn = v . 
dn 
(3.20) 
(3.21) 
(3.22) 
Note t h a t  g l ( x ) ,  de f ined  by (3.3a) i s  l e s s  than zero f o r  a l l  values  of X. 
As noted by HL, (3.22) is  a p a r t i c u l a r  form of t h e  second Painleve transcend- 
e n t  and has been shown by Hast ings and Mcleod (1978) t o  have a s o l u t i o n  such 
t h a t  
and (3.23a ,b) 
A s o l u t i o n  f o r  was obtained numerical ly  by using (3.23) and s t a r t i n g  in- 
t e g r a t i n g  a t  n = t- and i n t e g r a t i n g  t o  t h e  l e f t  with a fourth-order  Runge- 
Kutta  scheme. These r e s u l t s  were used t o  determine s o l u t i o n s  f o r  vol and 
Vn 
wmO 
For a f i x e d ,  r e a l  value of fi we can so lve  (3.18) and (3.19) and 
N 
determine the  complex f u n c t i o n  K1(x) as x moves downstream. However, we 
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are interested in neutrally stable solutions so we seek real values of 51 
and K1(x). We can eliminate the x-dependence from the coefficients in 
(3.18) and (3.19) by making the transformations 
N 
and 
(3.24) 
(3.25) 
A A 
and n so that the flow is neutrally Now we can find the constants 
and 51 satisfy (3.25) and (3.26). stable at the location x where 
Hence, with the transformations (3.2a), (3.24), (3.25) and (3.26), equations 
K1 
N 
K1 
(3.18) and (3.19) become, respectively, 
A 
A 
24F w v 2iK1 2 v = v v  - -  2 in 
d LV 
J - (1 + +nvp - 2 3 p n p  3 mOn’ dn 
3 (3.27a,b) 
A 
24i5 ii v v dLwmo A 2 245 -- inow - iKIWmO = 4~ V + -innv v + -2 mo m O n  3 p n  3 l p n ’  drl 
A n 
We seek solutions of (3.271, with K1 and 51 real, satisfying 
V w + O  as TI+*. p’ m0 
As rl + $03 (3.27) can be written as 
4 
3 A 
(3.28) 
A 2iK1 
2151 dLV 
dn 
P 7 - (1 + -+nVp - -3- v = 0, P 
-18- 
and 2 d w  
-- innwmO - iKlwd = 0. 
dn 
mO 
2 
A 
(3.29a ,b) 
Hence, as n + -I- we can find two independent solutions for vp and wmo, 
in terms of the Airy function Ai, which satisfy (3.28). When n + the 
equations for Vp and wm0 are 
2iK 1 P = - -  V 2 6  d--+ dLVp 2i; - 
2 3 nvp 3 3 mO 9 - - -
dn 
(3.30a ,b)  3 
The appropriate expansions of (3.30) now take the form 
V = e  + I~ l3I2 [vpo + * * * I ,  
P 
where 0 satisfies 
A 
4 2  2in 
0 + I $  [ 4  + ? ; I  + ( 8  + 0, 
and we take the two roots  of this equation with positive real part to generate 
two independent solutions of (3.30) with Vp, wmo + 0, 11 + 
These asymptotic solutions for Vp and wmo at n = foo were used as 
initial values in the numerical integration scheme used to solve (3.27). 
Equations (3.27) were written as a system of four first order differential 
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equations. This system was solved using a standard fourth order Runge-Kutta 
integration scheme. The integration pr‘bcedure was started at rl = -00 and 
rl = so0 and continued to rl = 0, finding two independent solutions for 
V and wm0 from each direction. At rl = 0 the continuity of a linear 
combination of the independent solutions from each direction produces an 
eigenvalue problem for K1 and Q. We used a Newton-Rahpson iteration 
scheme for two variables to find real values for K1 and R .  Using the 
above scheme solutions for K1, Q, Vp and wm0 were obtained but we post- 
pone the discussion of these results until the next section. 
P 
A A 
A A 
A A  
A A 
Having found 52 and K1 the dimensionless frequency and wavenumber, 
R and K respectively, can only be found once the HL calculation has been 
performed for a particular curvature distribution ~(x). However HL gave 
asymptotic solutions of the free boundary problem for x close to the linear 
neutral position, x = x , and for x a long way downstream of that position 
for curvature distributions which increase as quickly as x1/2 for x >> 1. 
* 
* 
Firstly, we recall that when x + x+ the shear layers coalesce. Thus 
if we denote by RT and R~ the frequencies of the wavy vortex modes 
neutral in the upper and lower layers at x it follows that 
- +  RL 1, x + x + .  * 
nT 
(3.31) 
Next suppose that x - x M , M > 7 for large x, the asymptotic forms 
for a, y1, y2 and b are all given in HL so tht glT, glL the values of 
g1 are given by 
n 
M xM-l ML 3M-2 
glT Go’ glL - . (3.32) 
-20- 
(We note  here  i n  pass ing  t h a t  g l  i n  t h e  lower l a y e r  i s  pos i t i ve . )  Thus 
f o r  x >> 1 we o b t a i n  
or 
It fol lows t h a t  a s  x inc reases  the  frequency of the  upper l a y e r  mode which 
i s  n e u t r a l  a t  x i n c r e a s e s  wh i l s t  t h a t  of the  lower l a y e r  tends t o  a cons t an t  
value.  Thus we can d i s t i n g u i s h  between t h e  modes a s  being of high and low 
1 frequency r e spec t ive ly ;  t h i s  r e s u l t  i s  e n t i r e l y  cons i s t en t  with the  exper i -  
mental  r e s u l t s  d i scussed  i n  t h e  next  s ec t ion .  
I 4. RESULTS AND DISCUSSION 
The numerical  scheme ou t l ined  above was used t o  sea rch  f o r  e igenvalues  
(Kl ,Q)  i n  the  reg ion  k1 > 0,  i > 0. The only eigenvalues  loca t ed  were n -  
n n  n n  
(Kl,L!) = ( 0 . 9 7 , 0 . 5 8 ) ,  (K1,Q) = (5 .132 ,1 .805) .  (4 . la ,b)  
n n  
It i s  poss ib l e  t h a t  o t h e r  e igenvalues  e x i s t  a t  h igher  va lues  of K 1 ,  !2 
s i n c e  f o r  lill, I;( > 0 a d e t a i l e d  eigenvalue sea rch  was not  c a r r i e d  
out .  For any p a r t i c u l a r  incoming boundary l a y e r  p r o f i l e  t h e  frequency 0 
and wavenumber 2 D K  a r e  then ca l cu la t ed  from ( 3 . 5 ) ,  ( 3 . 1 7 ) ,  K = Kg + E 1 
I ( 3 . 2 5 ) ,  ( 3 . 2 6 )  and ( 4 . 1 ) .  This  can only be done once the  HL c a l c u l a t i o n  has  
I been c a r r i e d  out  and the  frequency and wavenumber obtained i n  t h i s  way w i l l  of 
course  be dependent on X. The r e s u l t i n g  express ions  f o r  Sl and K should 
-2 1- 
be i n t e r p r e t e d  as the  frequency and wavenumber which a r e  n e u t r a l l y  s t a b l e  a t  
X. A l t e r n a t i v e l y  we could i n v e r t  t h e  equat ion  
R = Q(X,€) ,  
t o  f i n d  t h e  downstream l o c a t i o n  where t h e  wavy vor t ex  i s  n e u t r a l l y  s t a b l e .  
I f  R is held f ixed  a t  t he  n e u t r a l  va lue  a t  x = x then the  wavenumber 
K becomes complex f o r  x # x so  the  wavy vor tex  mode undergoes s p a t i a l  
ampl i f i ca t ion  o r  decay away from the  n e u t r a l  l o c a t i o n .  
- 
We do not  r epea t  t h e  HL c a l c u l a t i o n  i n  o rde r  t o  ob ta in  s p e c i f i c  va lues  
f o r  K,  52 f o r  a p a r t i c u l a r  boundary l a y e r  flow. We be l i eve  t h a t  t he  major 
r e s u l t  of t h i s  paper i s  t h a t  t h e  l a r g e  amplitude s t a t e s  of HL are uns t ab le  i n  
t h e  t h i n  shear  l a y e r s  which t r a p  the  v o r t i c e s .  The only  a v a i l a b l e  experi-  
mental  r e s u l t s  which g ive  d e t a i l e d  r e s u l t s  on the  wavy mode s t r u c t u r e  do not  
g ive  s u f f i c i e n t  d e t a i l  about the  unperturbed boundary l a y e r  t o  enable  us  t o  
c a l c u l a t e  t h e  r e l evan t  va lues  of K and R ,  s o  below we d i s c u s s  only the  
q u a l i t a t i v e  agreement between our theory and these  experimental  r e s u l t s .  How- 
e v e r ,  before  we compare our results wi th  experiments we s h a l l  f i r s t  desc r ibe  
the  e igenfunct ions  appropr i a t e  t o  (4.1).  
These func t ions  are shown i n  F igures  2,  3 and we po in t  ou t  t h e i r  o s c i l l a -  
t o r y  na ture  f o r  nega t ive  va lues  of n. We note  t h a t  n + - corresponds 
t o  moving from I I a , b  i n t o  t h e  core  region I. It is  of course poss ib l e  t h a t  
o t h e r  "lower order" modes wi th  a less o s c i l l a t o r y  na tu re  might e x i s t  bu t ,  as 
s t a t e d  a l r eady ,  only those corresponding t o  (4.1) were found. 
Now l e t  us  t u r n  t o  t h e  phys ica l  imp l i ca t ions  and experimental  re levance 
of our  ca l cu la t ion .  We f i r s t  stress t h a t  t he  i n s t a b i l i t y  mechanism which w e  
-22- 
I have descr ibed i n  d e t a i l  f o r  j u s t  the  upper shear  l a y e r  can a l s o  occur i n  t h e  
lower l aye r .  The modes of i n s t a b i l i t y  of t he  shear  l a y e r s  are independent be- 
cause they decay exponen t i a l ly  away from t h e  cen te r  of t he  l aye r s .  Thus i f  w e  
cons ider  the  frequency of  t he  imposed wavy mode t o  be f ixed  then the  l a y e r s  
w i l l  breakdown i n  the  manner descr ibed  a t  d i f f e r e n t  downstream l o c a t i o n s .  
S ince  the  downstream v e l o c i t y  component of the bas i c  s t a t e  i s  l a r g e s t  i n  t he  
I u p p e r  shear  l a y e r  i t  i s  t o  be expected t h a t  t h i s  l a y e r  w i l l  be t h e  f i r s t  t o  
become unstable .  Furthermore,  s i n c e  the  wavenumbers K(x) appropr i a t e  t o  a 
f i x e d  frequency d i s tu rbances  w i l l  be d i f f e r e n t ,  the  modes propagates  down- 
s t ream with d i f f e r e n t  wavespeeds. I n  f a c t  i n i t i a l l y ,  by which we mean c l o s e  
t o  t h e  l i n e a r  n e u t r a l  p o s i t i o n ,  t he  l a y e r s  I I a , b  coa lesce  so  t h a t  i f  breakdown 
occur s  c lose  t o  t h i s  po in t  then the  s t r u c t u r e  i n  these  l a y e r s  w i l l  be very  
s i m i l a r .  Fur ther  downstream the  upper l a y e r  moves i n t o  the  f r e e  stream and 
t h e  downstream v e l o c i t y  component tends  t o  the  f r e e  stream speed. The lower 
, l a y e r  however approaches t h e  boundary so t h a t  the  f l u i d  v e l o c i t y  t h e r e  tends  .. 
t o  zero. Thus, i t  fo l lows  t h a t  i f  t he  s t a t i o n a r y  G o r t l e r  v o r t i c e s  develop 
over  a s u f f i c i e n t l y  long i n t e r v a l  before  breakdown the? the  upper l a y e r  wavy 
mode moves downstream wi th  t h e  f r e e  stream speed w h i l s t  t he  lower one has a 
much smal le r  propagat ion speed. It i s  i n t e r e s t i n g  t o  note  t h a t  i n  the  
appa ren t ly  c l o s e l y  r e l a t e d  Taylor vor tex  problem the  corresponding breakdown 
i s  due t o  a s i n g l e  wavy mode whose presence i s  f e l t  throughout t he  flow. 
There have been many experimental  i n v e s t i g a t i o n s  of the  secondary in s t a -  
b i l i t y  of G o r t l e r  v o r t i c e s ;  t he  reader  i s  r e f e r r e d  t o  the  papers  by for 
example Bippes and G o r t l e r  (1972), Wortmann (1969), and Bippes (1978) who a l l  
.. 
.. 
1 desc r ibed  the  secondary mode a s  being l o c a l l y  pe r iod ic  i n  x and t. However 
more r e c e n t l y  Kohama (1987) and Peerhossa in i  and Wesfreid (1987) have g iven  
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more d e t a i l s  of t h e  flow s t r u c t u r e  which e x i s t s  when breakdown occurs .  We 
f i r s t  d i s c u s s  t h e  r e s u l t s  of Peerhossa in i  and Wesfreid. 
The boundary l a y e r  i nves t iga t ed  by the  l a t t e r  au thors  was i n  the  concave 
s e c t i o n  of a curved channel.  They found t h a t  when t h e  secondary mode f i r s t  
appeared i t  was confined t o  a region a t  t h e  top  of t he  v o r t i c e s .  We i n t e r p r e t  
t h i s  as being due t o  t h e  i n s t a b i l i t y  mechanism we have descr ibed  being f i r s t  
ope ra t iona l  i n  region IIa.  Fur ther  downstream they repor ted  a similar in s t a -  
b i l i t y  but  t h i s  was l o c a l i z e d  near  t h e  wall. We i n t e r p r e t  t h i s  i n s t a b i l i t y  as 
being due t o  t h e  wavy vor t ex  i n s t a b i l i t y  of region I I b .  Both i n s t a b i l i t i e s  
observed by Pee rhossa in i  and Wesfreid had wavy vor t ex  boundaries i n  the  down- 
s t ream d i r e c t i o n ,  t h i s  is e n t i r e l y  c o n s i s t e n t  with the  breakdown mechanism we 
have descr ibed  i n  Sec t ion  3. 
The experiments of Kohama were performed on the  NASA laminar f low wing 
d iscussed  by f o r  example Pfenninger ,  Reed, and Dagenhart (1980). Kohama 
descr ibed  only t h e  breakdown i n  the  upper p a r t  of t he  boundary l a y e r  but  gave 
measurements of t he  wavespeeds a t  d i f f e r e n t  downstream loca t ions .  I n  t h e  lam- 
i n a r  flow region of t h e  wing the wavespeed w a s  found t o  be about 0.45 of the  
f r e e  s t ream speed but  t h i s  f a c t o r  became about 0.99 when the  flow was f u l l y  
t u r b u l e n t .  Such a v a r i a t i o n  of wavespeed is  p red ic t ed  q u a l i t a t i v e l y  by our 
theory  s i n c e  the  l a y e r  I I a  migrates  from being somewhere i n  the  middle of t h e  
boundary l a y e r  (more p r e c i s e l y  a t  t he  p o s i t i o n  where Rayleigh's c r i t e r i o n  f o r  
t he  p re -Gor t l e r  flow i s  most v i o l a t e d )  t o  the  edge as the  v o r t i c e s  become fu l -  
l y  nonl inear .  The migra t ion  of t h i s  l a y e r  we b e l i e v e  accounts  f o r  t he  var ia -  
t i o n  of wavespeed given by Kohama. 
.. 
F i n a l l y  we note  t h a t  t h e r e  are o t h e r  i n s t a b i l i t y  mechanisms which could 
account f o r  t h e  appearance of three-dimensional i ty  and time-dependence i n  t h e  
-2 4- 
.. 
later stages of Gortler vortex development. The most likely other types of 
disturbances would be Rayleigh instabilities associated with the spanwise 
locally inflexional velocity profiles which certainly develop as the vortices 
develop in a steady manner. Secondly, there exists the possibility that 
Tollmien-Schlichting waves might cause the flow to become three-dimensional. 
However, it is not clear that these modes would lead to the wavy vortex 
boundaries which seem to be always observed when breakdown occurs. Never 
theless, it is likely that in some situations the Rayleigh and Tollmein- 
Schlichting modes might be important in the later stages of the transition 
process 
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Figure 1. The d i f f e r e n t  regions beyond t h e  downstream p o s i t i o n  of n e u t r a l  
s t a b i l i t y .  
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